Let X, Y be Banach modules over a C
Introduction and preliminaries
We say a functional equation (ζ ) is stable if any function g satisfying the equation (ζ ) approximately is near to the true solution of (ζ ). We say that a functional equation is superstable if every approximate solution is an exact solution of it (see [] ). The stability problem of functional equations was originated from a question of Ulam Let X be a set.
We recall a fundamental result in fixed-point theory. 
() the sequence {J n x} converges to a fixed point y * of J;
In , Isac and T.M. Rassias [] were the first to provide applications of stability theory of functional equations for the proof of new fixed-point theorems with applications. By using fixed-point methods, the stability problems of several functional equations have been extensively investigated by a number of authors (see [-] 
whose solution is said to be a generalized additive mapping of Euler-Lagrange type.
In this paper, we introduce the following additive functional equation of Euler-Lagrange type which is somewhat different from (.): 
Lemma . Let X and Y be linear spaces and let r  , . . . , r n be real numbers with n k= r k =  and r i = , r j =  for some
Proof One can find a complete proof at [].
Lemma . Let X and Y be linear spaces and let r  , . . . , r n be real numbers with r i = ,
Proof One can find a complete proof at [] .
We investigate the Hyers-Ulam stability of a generalized Euler-Lagrange type additive mapping in Banach modules over a unital C * -algebra. Throughout this paper, let r  , . . . , r n be real numbers such that r i = , r j =  for fixed  ≤ i < j ≤ n. http://www.journalofinequalitiesandapplications.com/content/2013/1/185
Theorem . Let f : X → Y be a mapping satisfying f () =  for which there is a function
for all x  , . . . , x n ∈ X. Let
for all x, y ∈ X and
for all x  , . . . , x n ∈ X, then there exists a unique generalized Euler-Lagrange type additive
Then we get the following inequality:
for all x i ∈ X. It follows from (.), (.) and (.) that 
for all x, y ∈ X. Putting y = x in (.), we get
for all x ∈ X. Replacing x and y by
and -
for all x ∈ X. It follows from (.) and (.) that
for all x ∈ X, where
Consider the set W := {g : X → Y } and introduce the generalized metric on W:
It is easy to show that (W, d) is complete. Now, we consider the linear mapping J : W → W such that
for all x ∈ X. The mapping L is a unique fixed point of J in the set
This implies that L is a unique mapping satisfying (.) such that there exists C ∈ (, ∞) satisfying
This implies the equality
. This implies that the inequality (.) holds.
Since ϕ(x  , . . . , x n ) ≤ Cϕ(x  , . . . , x n ), it follows that 
for all x  , . . . , x n ∈ X and u ∈ U(A). If there exists  < C <  such that
for all x  , . . . , 
for all a, b ∈ A (a, b = ) and x, y ∈ X. Since L(x) =  = L(x) for all x ∈ X, the unique generalized Euler-Lagrange type additive mapping L : X → Y is an A-linear mapping. This completes the proof.
Theorem . Let f : X → Y be a mapping satisfying f () =  for which there is a function
for all x  , . . . , x n ∈ X. If there exists  < C <  such that
for all x  , . . . , x n ∈ X, then there exists a unique generalized Euler-Lagrange type additive mapping L :
for all x ∈ X, where ϕ ij is defined in the statement of Theorem
for all x ∈ X and  ≤ k ≤ n.
Proof It follows from (.) that
for all x ∈ X, where ψ is defined in the proof of Theorem .. The rest of the proof is similar to the proof of Theorem .. http://www.journalofinequalitiesandapplications.com/content/2013/1/185
Theorem . Let f : X → Y be a mapping with f () =  for which there is a function
then there exists a unique A-linear generalized Euler-Lagrange type additive mapping L
Proof The proof is similar to the proof of Theorem .. 
Homomorphisms in unital C * -algebras
In this section, we investigate C * -algebra homomorphisms in unital C * -algebras. We use the following lemma in the proof of the next theorem. 
Lemma . []

Theorem . Let f : A → B be a mapping with f () =  for which there is a function ϕ :
for all x, x  , . . . , x n ∈ A, u ∈ U(A), k ∈ N and μ ∈ S  . If there exists  < C <  such that
for all x  , . . . , x n ∈ A, then the mapping f : A → B is a C * -algebra homomorphism.
Proof Since |J| ≥ , letting μ =  and
for all x i , x j ∈ A. By the same reasoning as in the proof of Lemma ., the mapping f is additive and f (r k x) = r k f (x) for all x ∈ A and k = i, j. So, by letting x i = x and x k =  for all  ≤ k ≤ n, k = i, in (.), we get f (μx) = μf (x) for all x ∈ A and μ ∈ S  . Therefore, by Lemma ., the mapping f is C-linear. Hence, it follows from (.) and (.) that
Since f is C-linear and each x ∈ A is a finite linear combination of unitary elements (see
for all x, y ∈ A. Therefore, the mapping f : A → B is a C * -algebra homomorphism. This completes the proof.
The following theorem is an alternative result of Theorem .. for all x, x  , . . . , x n ∈ A, u ∈ U(A), k ∈ N and μ ∈ S  . If there exists  < C <  such that
Theorem . Let f : A → B be a mapping with f () =  for which there is a function ϕ :
for all x  , . . . , x n ∈ A, then the mapping f : A → B is a C * -algebra homomorphism. 
Remark
for all x  , . . . , x n ∈ A and μ ∈ S  . Assume that lim k→∞
Proof Consider the C * -algebras A and B as left Banach modules over the unital C * -algebra C. By Theorem ., there exists a unique C-linear generalized Euler-Lagrange type additive mapping H : A → B defined by
for all x ∈ A. By (.) and (.), we get
for all u ∈ U(A) and x ∈ A. So, we have H(u * ) = H(u) * and H(ux) = H(u)f (x) for all u ∈ U(A) and x ∈ A. Therefore, by the additivity of H, we have
for all u ∈ U(A) and all x ∈ A. Since H is C-linear and each x ∈ A is a finite linear combination of unitary elements, i.e., x = m k= λ k u k , where λ k ∈ C and u k ∈ U(A) for all  ≤ k ≤ n, it follows from (.) that
H(e)H(y) = H(ey) = H(e)f (y)
for all y ∈ A, it follows that H(y) = f (y) for all y ∈ A. Therefore, the mapping f : A → B is a C * -algebra homomorphism. This completes the proof.
The following theorem is an alternative result of Theorem ..
Theorem . Let f : A → B be a mapping with f () =  for which there is a function ϕ :
for all x  , . . . , x n ∈ A and μ ∈ S  . Assume that
for all x  , . . . , x n ∈ A, then the mapping f : A → B is a C * -algebra homomorphism. for all x ∈ A. Since H(r j x) = r j H(x) for all x ∈ X and r j = ,
H(μx) = μH(x)
for all x ∈ A and μ = i, . For each λ ∈ C, we have λ = s + it, where s, t ∈ R. Thus, it follows that
H(λx) = H(sx + itx) = sH(x) + tH(ix) = sH(x) + itH(x) = (s + it)H(x) = λH(x)
for all λ ∈ C and x ∈ A and so
H(ζ x + ηy) = H(ζ x) + H(ηy) = ζ H(x) + ηH(y)
for all ζ , η ∈ C and x, y ∈ A. Hence, the generalized Euler-Lagrange type additive mapping H : A → B is C-linear. The rest of the proof is the same as in the proof of Theorem .. This completes the proof.
